Abstract We propose a conversion method from alarm-based to rate-based earthquake forecast models. A differential probability gain g ref alarm is the absolute value of the local slope of the Molchan trajectory that evaluates the performance of the alarm-based model with respect to the chosen reference model. We consider that this differential probability gain is constant over time. Its value at each point of the testing region depends only on the alarm function value. The rate-based model is the product of the event rate of the reference model at this point multiplied by the corresponding differential probability gain. Thus, we increase or decrease the initial rates of the reference model according to the additional amount of information contained in the alarm-based model. Here, we apply this method to the Early Aftershock STatistics (EAST) model, an alarm-based model in which early aftershocks are used to identify space-time regions with a higher level of stress and, consequently, a higher seismogenic potential. The resulting rate-based model shows similar performance to the original alarm-based model for all ranges of earthquake magnitude in both retrospective and prospective tests. This conversion method offers the opportunity to perform all the standard evaluation tests of the earthquake testing centers on alarm-based models. In addition, we infer that it can also be used to consecutively combine independent forecast models and, with small modifications, seismic hazard maps with short-and medium-term forecasts.
Introduction
In statistical seismology, empirical and physical observations led to the development of two main types of numerical prediction experiments:
1. Alarm-based forecast models delimit the space-time region where an alarm function exceeds a given threshold value. In this region, an alarm is issued and a target earthquake with a magnitude M ≥ M target is expected to occur. Exploring the entire range of threshold value from the highest to the lowest ones, the fraction of the space-time region occupied by alarms varies from 0 to 1. 2. Rate-based forecast models estimate for a given spacetime region the rate parameter of the Poisson process that characterizes the occurrence of M min ≤ M < M max earthquakes. Most importantly for operational forecast, this rate may be converted into the probability of occurrence of an earthquake within the same magnitude range.
The conversion from rate-to alarm-based models is trivial because a sum of event rates on a given targetearthquake magnitude range can be considered as an alarm function. By contrast, there is actually no conversion method from alarm-to rate-based forecast models.
Using earthquake catalogs and observational constraints on fault slip rates, the number of earthquake predictability studies has increased significantly over the last five years, thanks to the activity of the Collaboratory for the Study of Earthquake Predictability (CSEP; Gerstenberger et al., 2007; Jordan, 2006; Rhoades and Gerstenberger, 2009; Zechar, Schorlemmer, et al., 2010) . Nowadays, several CSEP testing centers operate worldwide to evaluate earthquake forecast models in different testing regions (Zechar et al., 2007, Zechar, Gerstenberger, and Rhoades, 2010) . In a vast majority of cases, these evaluations concern rate-based models with a time step of one day, three months, or five years, a testing region decomposed into a square grid of side length 0.1°, and a class interval of earthquake magnitude of 0.1 from M ≥ 3:95 earthquakes. In parallel and for a longer term, several alarm-based models are being developed and tested by different groups. Known examples are the global and regional tests of M8, CN, and RTP (Keilis-Borok and Kossobokov, 1990; Keilis-Borok and Rotwain, 1990; Peresan et al., 1999; Romashkova and Kossobokov, 2004; Shebalin et al., 2004; Zechar, 2010) . These algorithms are still difficult to adapt to all the CSEP evaluation methods because their alarm functions are not scaled to predicted event rates or probabilities. Hence, we present here a new method to convert alarmbased models into a form compatible with the requirements of all the CSEP testing centers.
Our approach develops the concept of the probability gain G introduced by Gusev (1976) and Aki (1996) . For an alarm-based model with a given threshold value of the alarm function, the G-value measures the ratio between the proportion of events predicted by this model and τ , the probability given by the reference model to observe an earthquake in the corresponding space-time region (Zechar et al., 2007) . More exactly, τ is the ratio of the earthquake frequency of the region occupied by alarms to the earthquake frequency of the entire space-time region. For a given target-earthquake magnitude, these rates are defined by the reference model. Interestingly, the G-value can also be directly estimated from the Molchan diagram that plots, for all threshold values of the alarm function, the miss rate ν with respect to τ (Molchan, 1990 (Molchan, , 1991 Molchan and Keilis-Borok, 2008) . Then, we have G 1 ν=τ. An important advantage of the Molchan diagram is that we can visualize instantaneously the so-called Molchan trajectory τ ; ν and its derivative, which reflects locally, near a specific alarm-function value, the incremental forecast ability of the alarm-based model with respect to the chosen reference model.
There is actually a growing body of theoretical and observational evidence that suggests a dependency of the early aftershock decay rate on stress (Narteau et al., 2002 (Narteau et al., , 2003 (Narteau et al., , 2005 (Narteau et al., , 2008 (Narteau et al., , 2009 Shebalin, 2004) . Based on the hypothesis that the time delay before the onset of the powerlaw aftershock decay rate decreases as the level of stress increases, the Early Aftershock STatistics (EAST) model is an alarm-based forecast model that uses early aftershock statistics to determine the space-time regions where this time delay is abnormally low (Shebalin et al., 2011) . In contrast with epidemic-type forecast models, the EAST model concentrates only on the temporal properties of large magnitude aftershocks (1:8 ≥ M A ) of small magnitude mainshocks (2:5 ≥ M M ≥ 4:5) to infer the seismogenic potential of the testing region. This model is being tested in the CSEP California testing center, beginning as of 1 July 2009, and it shows better predictive power than the relative intensity (RI) reference model at a level of significance of 1%. This reference model is commonly used because it is simply obtained by smoothing the location of earthquakes in the past (Kossobokov and Shebalin, 2003; Helmstetter et al., 2006; Molchan and Keilis-Borok, 2008; Zechar and Jordan, 2008) .
Method
When compared to a reference model, the probability gain G of an alarm-based model is an integral measure for the space-time region that encompasses all the zones where the alarm-function value exceeds a given threshold. Nevertheless, the alarm-based model is likely to perform differently for various ranges of alarm-function values. Rapid and slow variations of the miss rate ν may be observed. For this reason, it seems natural to introduce a differential probability gain g 
We consider that the dependency of g To isolate space-time regions with a relative high level of stress, the EAST forecast model uses the E a -value, the ratio between the long-term and short-term estimations of ht g i (the geometric mean of elapsed times between mainshocks and early aftershocks within a fixed time window; Shebalin et al., 2011) . However, mainshock-aftershock sequences are not uniformly distributed, and this alarm function cannot be defined everywhere at all time steps.
In these cases, the alarm-function value is taken equal to λ RI , the normalized event rate given by the RI reference model (Shebalin et al., 2011) . Finally, the single alarm function of the EAST forecast model is
if ht g i long and ht g i short are defined;
where λ g is a spatially-smoothed event rate similar to λ RI . λ RI is obtained by uniform smoothing within circles of 12-km radius, while λ g is obtained from a 2D Gaussian function with a standard deviation of 10 km (Shebalin et al., 2011) . This Gaussian filter is chosen to assign a nonzero value to all space-time regions. , the differential probability gain of the EAST model with respect to the RI reference model. Figures 1a and 1b show the discretization method of the Molchan trajectory for 3:95 ≤ M target < 4:45 and 5:95 ≤ M target , respectively. In each of these figures, we see that, for a given range of alarm-function values, the g
-value is equal to the local slope of the corresponding section of the Molchan trajectory. The limits of these sections are arbitrary chosen to smooth the Molchan trajectory with a minimum number of segments. Figure 1a -e shows that the g
-values increases with respect to an increasing M target -value. In addition, from -log(A ) Exploiting these differential probability gain functions g
, we convert the EAST forecast model into a new ratebased model called EAST R . In practice, to derive a rate λ RI from the RI reference model, we need an average number of earthquakes per time bin (three months) and a scaling factor to redistribute these events in all target-earthquake magnitude ranges. Here, for the sake of simplicity, we consider the number of M ≥ 3:95 earthquakes observed in the timeinterval during which the RI reference model has been calculated and a constant slope, b 0:96, of the earthquake-size distribution in California (Knopoff, 2000) . Then, according to equation (2), the map of the new rate parameter λ E a1 of the EAST R model is simply the local product between λ RI and the corresponding g
-value. To present an example of such a conversion from an alarm-to a rate-based model, we use the current alarm function of the EAST forecast model in California (i.e., the threemonth period lasting from 1 January to 31 March 2011). For this time period, Figure 2 shows input and output forecast maps of the conversion from EAST to EAST R : input forecasts are the alarm function of the EAST model (Fig. 2a) and the rates of the RI reference model (Fig. 2b) ; output forecasts are the rate parameter λ E a1 of the new EAST R model for M target ≥ 4 (Fig. 2c) and M target ≥ 6 (Fig. 2d ).
Retrospective and Quasi-Prospective Tests
The conversion method can be tested retrospectively from 1984 to 2008 (Fig. 3) but also for the period during which the EAST forecast model has been evaluated in the CSEP California testing center (Fig. 4) . This quasi-prospective test covers the six first-three-month forecast periods of the EAST model from 1 July 2009 to 31 December 2010. For this test, we use the CSEP California testing region (Fig. 4a-c) and also a smaller region (Fig. 4d-f ) in which the catalogs of early aftershocks are likely to be more complete (see fig. 2 in Shebalin et al., 2011) . We use only this smaller region in the retrospective analysis.
In Figures 3 and 4 , we perform two types of comparison using Molchan diagrams:
1. We compare the prediction of both the EAST and EAST R models to the prediction of the RI reference models. The alarm function of the EAST R model in each space-time region is equal to the cumulative expected rate of target earthquakes on the corresponding magnitude range. 2. We compare the prediction of the EAST model to the prediction of the EAST R model. Both models change for different magnitude ranges. For the EAST R model, we use the cumulative expected rate of target earthquakes on the corresponding magnitude range of target earthquakes. When used as the reference model, these rates are normalized by the total cumulative rate for the entire testing region over the full duration of the test. Then, according to a decreasing alarm-function value of the EAST model (i.e., an increasing space-time region), we are able to measure the proportion of events predicted by the EAST R model in the corresponding region.
For the retrospective test, the prediction of the EAST R forecast model shows the same performance as the original alarm-based model relative to the prediction of the RI reference model (Fig. 3) . For the quasi-prospective tests, all the Molchan trajectories are also similar (Fig. 4) . Then, for all time periods, the EAST R forecast model has better predictive power than the reference model at a level of significance of 1%. In addition, the direct comparison between the original alarm-based model and the obtained rate-based model shows that the EAST and EAST R models have similar predictive skills (dotted lines in Fig. 4) . The only exception is the better performance of the EAST model in the quasi-prospective test for M target ≥ 3:95 (Fig. 4d) . This difference may be explained by the occurrence of the M 7.2 El Mayor-Cucapah earthquake of 4 April 2010 and the huge proportion of M ≥ 3:95 aftershocks in the number of target events.
In Table 1 , we present the results of standard CSEP likelihood tests for evaluating the forecast of the EAST R model and compare them to the forecast of the RI reference model (Zechar, Gerstenberger, and Rhoades, 2010) . We have not implemented the N-test because the expected number of event is quite stable for the EAST R model (≈14 per three months for M ≥ 3:95) and constant for the RI reference model. Similarly, we do not show the results of the M-test as we consider a constant b-value to estimate the event rate of the RI reference model. We see from Table 1 that loglikelihood values in both the L-and S-tests are closer to zero for the EAST R model than for the RI reference model. This better performance of the EAST R model is particularly true for two periods, from September to December 2009 and from April to June 2010. Interestingly, the first time period includes a swarm near China Lake, while the second covers the earthquake sequence triggered by the M 7.2 El MayorCucapah earthquake.
Discussion and Conclusions
Our conversion method from alarm-to rate-based forecast model can also be used for alarm-based models, for which the alarm function is a binary variable (alarm, no alarm). The M8, CN, and RTP algorithms mentioned in the Introduction are among them. For these binary forecast models, there is a single point ν; τ on the Molchan diagram. Considering our discretization technique, the Molchan trajectory is decomposed in two lines, one for each range of alarm-function values. For the space-time region in which an alarm is issued, we have g ref alarm G 1 ν=τ . Outside these regions, we have g Inputs are (a) the alarm-function value of the EAST forecast model and (b) the RI reference model. Output are forecast maps of the rate parameter λ E a1 of the EAST R model for (c) M target ≥ 4 and (d) M target ≥ 6. Color bars are in units of the logarithm of τ , the normalized event rate predicted by the RI reference model in space-time regions in which the alarm-function value of the tested model is larger than a given threshold value. For the EAST R and RI reference models, the alarm function is the sum of the expected rates over all magnitude bins. The relationship between the τ RI -value and the alarm-function value is shown using the color bars. Note that logarithmic scale is used for better contrast. In (c) and (d), dashed boxes indicate three areas of high λ E a1 -values. The color version of this figure is available only in the electronic edition.
increases, there is a correspondingly higher contrast of the rates of the converted model within and outside alarms.
Here, we only perform conversion from alarm-to ratebased forecast model using as a reference a stationary ratebased model constructed from a smoothed extrapolation of past seismicity and a constant b-value. Any other rate-based models may be used, for example to take into account spatial and temporal variations of the b-value. Moreover, for large regions we could also improve the model by considering that the dependency of the differential probability gain g the alarm-function value varies from one point to another. By construction, the only restriction actually results from the hypothesis that g ref alarm is constant over time. This is certainly a strong assumption given the stochastic nature of seismicity, especially for large magnitude earthquakes for which the recurrence time may be larger than the time coverage of the catalogs. Nevertheless, our predictions and their stability should improve as we increase the period of time over which the differential probability gain are estimated. In addition, because our method can also be used to successively combine different models (as described later in this paper), we may introduce a stronger time dependence by taking into account a time-dependent reference model as input to a next iteration. The prediction of the EAST R and EAST models show similar performance with respect to the RI reference model both in retrospective and quasi-prospective tests, despite different spatial distributions of their alarm functions (see Fig. 2a in comparison with 2c,d ). For all target-earthquake magnitude ranges, the EAST R models have larger clusters of high alarm-function value that coincide with areas where the rate of the RI reference model are high. Over long testing times, this may improve the forecast skill of the EAST R model with respect to the EAST model. A general problem for operational forecast is the low magnitude of the predicted event rate in rate-based models (Jordan and Jones, 2010) . Evaluating these rates in large clusters may be an appropriate solution for this problem, at least from the point of view of time prediction. For example, let us count the cumulative expected rate of M ≥ 6 earthquakes in the three clusters of high λ E a1 -value enclosed by boxes in Figure 2c . We obtain cumulative rates of 0.045, 0.014, and 0.038 in boxes I, II, and III respectively. Although these values are higher than the corresponding cumulative rates given by the RI reference model (i.e., 0.039, 0.005, and 0.018, respectively), they remain quite small. Indeed, for a short-term operative forecast, an expected rate of 0.05 seems to be required (Jordan and Jones, 2010) . However, for a medium-term forecast, a probability of 0.5 to have an earthquake over a given time period is a reasonable goal. To obtain such a probability, the expected rate of a homogeneous Poisson process should be equal to ln1 0:5 0:69. Considering the cumulative rates of the three clusters, we conclude that, in California, a time step of three months is too small for an intermediateforecast of M ≥ 6 events using the EAST R model. A time step of two years would be more appropriate. A similar analysis suggests a time step of at least six months for M target 5. Finally, a time step of three months seems appropriate for M target 4, even if we consider smaller clusters.
Our conversion method from alarm-to rate-based forecast model can be considered as a more general technique to combine the predictive skills of different types of forecast models. First, this is because all types of forecast models can be easily converted into an alarm-based form. Second, and more importantly, this is because the differential probability gain is a local measure of the additional amount of information provided by an alarm-based model with respect to a rate-based model. Then, multiplying these initial rates by the local differential probability gain is a strategy to amalgamate this knowledge into a reference model. By definition, it makes sense only when the predictions of the alarm-based model outperforms the prediction of the reference model. In this case, this technique may be used several times to combine the advantage of different types of forecast models and seismic hazard maps.
Using the concept of the differential probability gain, we infer that a larger predicted event rate may be achieved from pairwise combinations of the best forecast models. Hence, research efforts can now focus on two directions of study:
1. The conversion from alarm-based to rate-based forecast models in order to estimate the probability of occurrence of an earthquake within the space-time region occupied by alarms. 2. The combination of different forecast models into a single one in order to reach sufficiently high predicted event rates.
Then, we conclude that these studies may provide new opportunities for operational forecast purposes within the framework of CSEP testing centers.
Data and Resources
The prospective test of the EAST model is carried out in the framework of Collaboratory for the Study of Earthquake Predictability (CSEP; http://www.cseptesting.org/, last accessed September 2011). The Advanced National Seismic System (ANSS; http://quake.geo.berkeley.edu/cnss/catalogsearch.html, last accessed September 2011) earthquake catalog was searched. Most of the plots were made using the Generic Mapping Tools, version 4.2.1 (http://gmt.soest .hawaii.edu, last accessed September 2011; Wessel and Smith, 1998) .
